We derive the variational principle and Noether's theorem in generally covariant field theory in an explicitly coordinate-independent way by means of the exterior calculus over the space-time manifold. We then focus on the symmetry of active diffeomorphisms, that is, the pushforwards along the integral lines of any vector field, and its analogies with internal gauge symmetries. For instance, it is well known that a class of Noether currents associated to a gauge symmetry can be obtained by taking the partial derivative of the Lagrangian with respect to the corresponding gauge field. Here we show that this relation also holds for the Noether currents associated to diffeomorphisms and the vielbein, but only if one decomposes all forms in the vielbein basis. We also relate the diffeomorphism Noether currents to the matter energy-momentum tensor of General Relativity, to Hamiltonian boundary terms and to two known energy-momentum complexes of the vielbein.
I. INTRODUCTION
The aim of this paper is three-fold. First, we propose to review the basic Noether-Lagrange machinery of generally covariant field theory, i.e. the variational principle and Noether's theorem, both in terms of currents and charges, without ever referring to coordinates. We therefore employ the framework of exterior calculus over the space-time manifold M, an explicitly coordinateindependent and global way of displaying and manipulating the field information 1 . Apart from elegance, sticking to this formalism guarantees that general covariance is always preserved and prevents us from being distracted by coordinate-induced artefacts. Another advantage is that it allows one to "see" conservation equations just by looking at the Euler-Lagrange equations.
Using some simple identities listed in appendix C, we will see that many computations in General Relativity (GR) that are usually lengthy when carried out using coordinates become quite straightforward in exterior calculus. We illustrate this fact by computing the equations of motion and Noether currents of Palatini vielbein gravity coupled to a Yang-Mills (YM) and a Dirac field.
This brings us to the second aim of our paper which is to draw some interesting analogies between vielbein gravity and classical gauge theory. For instance, it is well known that some Noether currents of YM theory can be computed by simply taking the partial derivative of the Lagrangian with respect to the gauge field. We will show that, if one decomposes all forms in the vielbein basis, then, in full analogy, one obtains the diffeomorphism Noether currents by taking the partial derivative of the Lagrangian with respect to the vielbein. * ermis.mitsou@unige.ch 1 From the fibre bundle point of view of field theory, we will be using local coordinates for the vertical space, our interest being mainly to get rid of the space-time coordinates.
Finally, we focus on the concept of energy and momentum. We relate the Noether diffeomorphism currents of the matter Lagrangian to the energy-momentum tensor as defined in GR, that is, the variational derivative of the matter action with respect to the vielbein. We also discuss the relation between the Noether energy charge and the Hamiltonian definition of energy, i.e. boundary terms in the canonical formalism, and show that a Noether energy does not always have a Hamiltonian analogue. We conclude by discussing the relation of the Noether diffeomorphism currents and some known energy-momentum complexes for the gravitational field. For instance, in the case where one considers Møller's Lagrangian [1] for GR, we show that the Noether currents corresponding to the diffeomorphisms generated by the vielbein and holonomic frames are nothing but the energy-momentum complexes of [2, 3] and the one of Møller [1] , respectively. The former is a tensor under diffeomorphisms, but transforms inhomogeneously under local Lorentz transformations (LLTs), while the latter is non-covariant under both transformations.
Our study also contains some useful by-products, such as an elegant expression of Møller's Lagrangian in terms of differential forms (14), as well as a coordinateindependent and compact expression for the variation of the Hodge scalar product with respect to the vielbein (C13).
The organization of the paper goes as follows. In section II we introduce the notational conventions, symmetries and fields we are going to use. In section III we derive the variational principle and Noether's theorem using only forms, anti-derivations and integration. In section IV we focus on the Noether currents associated to diffeomorphisms and their analogies with the case of internal gauge symmetries. In section V we discuss the relation the matter energy-momentum tensor, the Hamiltonian boundary terms and some gravitational energymomentum complexes. In section VI we summarize.
II. CONVENTIONS AND NOTATION

A. Geometry and groups
Let M be a real parallelizable smooth manifold of di- 
We use d to denote the exterior derivative and D for the covariant exterior derivative with respect to all internal gauge transformations. We letd denote the codifferential dα ≡ (−1)
We adopt the "anti-hermitian" convention for the Lie algebra of a Lie group, i.e. the latter is the exponentiation of the former with no i factor. For the case of SU(N ) for example, we have that the fundamental representation of su(N ) is the set of traceless complex N × N matrices obeying α + α † = 0. The basis of su(N ) is chosen such that
where the structure coefficients f abc are totally antisymmetric and the "F" subscript denotes the fundamental representation. The indices of T a F will be given by greek letters of the end of the alphabet, i.e. the matrix elements are (T a F )
στ . For the LLTs we focus on the component connected to the identity SO 1 (1, d). Since we are also going to consider spinors, the actual group that acts on the I indices is the double cover Spin (1, d) . The standard choice of basis of spin(1, d) is the one obeying the Lorentz algebra
where T IJ ≡ −T JI . The vector and Dirac representations read
respectively, where
and the γ I obey the Clifford algebra {γ I , γ J } = 2 η IJ . The following identity will be useful later-on
Choosing a representation where γ I † = η II γ I (no summation) and defining the bar conjugation so that it is an involutionψ ≡ ψ † iγ 0 , we getγ
and thus
In particular,γ IJ = −γ IJ so that the Dirac representation of spin(1, d) is the set of matrices obeying θ +θ = 0. We will use greek indices from the beginning of the alphabet for the elements of these matrices, i.e. γ IJ αβ . Let Diff(M) denote the group of diffeomorphisms of M, i.e. the group of homeomorphisms from M to M that are diffeomorphisms in any local coordinate system, and let Diff 1 (M) denote its component connected to the identity. Every vector field ξ ∈ X(M) generates a one-parameter family of diffeomorphisms {Ξ t } t∈I⊂R ⊂ Diff 1 (M) with I ∋ 0 defined by
Inversely, by definition of Diff 1 (M), every element Ξ ∈ Diff 1 (M) sufficiently close to the identity can be though of as the t = 1 element of the family generated by some ξ. In analogy with the theory of Lie groups of finite dimension, we can thus say that X(M) is the "Lie algebra" of Diff 1 (M). This is the fundamental representation of Diff 1 (M), also known as "passive diffeomorphisms", but the ones of interest here are the tensor representations, also known as "active diffeomorphisms". In that case the Ξ ∈ Diff 1 (M) acts on a section T of a bundle based on M through the pushforward map T ′ = Ξ * T . Since Ξ is a bijection, we have Ξ * ,t = Ξ * −t , where Ξ * is the pullback and thus the infinitesimal variation involves the Lie derivative
Thus, the generators in that representation are the Lie derivatives and, given the properties of L, obey the following algebra
where [ξ, ξ ′ ] is the Lie bracket, the algebraic product of X(M). In our global and coordinate-independent setting, there is only one privileged basis for the Lie algebra X(M), the one given by the frame vectors ǫ I
The C IJK = i IJ de K are known as the "structure coefficients".
B. Fields and Lagrangians
We use totally dimensionless units = c = 8πG = 1. The fields of the theory we are going to consider are the vielbein, spin connection and YM fields e I , ω IJ , A a ∈ Ω 1 (M), respectively, and the Dirac spinor ψ ασ ∈ Ω 0 (M) ⊗ G, where G is the set of complex Grassmann numbers. The non-trivial infinitesimal variations under an SU(N ) transformation with parameter
and under a diffeomorphism with parameter ξ ∈ X all fields transform as (8).
where L g and L m are the gravitational and matter parts, respectively. For gravity we are going to consider two Lagrangians. The first-order one is the Palatini Lagrangian
where 
where F IJ ≡ e I ∧ de J and F ≡ F I I . In the matter sector we have the YM Lagrangian
where
are the curvature twoforms of A a , and the Dirac Lagrangian
We have used the exterior covariant derivative in the appropriate representations
the definition of complex conjugation on complex Grassmann numbers ψ ασ ψ βτ * = ψ βτ * ψ ασ * and (5).
III. LAGRANGE -NOETHER FORMALISM
A. The variational principle
We start by considering a generic field content, i.e. let φ a ∈ Ω p (M) ⊗ K, with a = 1, . . . , N and K = R, C or G, be a set of N p-form fields. They are given with a Lagrangian L = L (φ, dφ) ∈ Ω D (M) which is local, i.e. the values of L at p ∈ M only depend on the values of φ a and dφ a at that same point. We also ask that L be polynomial in φ a , dφ a except for the vielbein. To our Lagrangian there corresponds an action functional S ≡ M L and the variational principle goes as follows. We consider a field configuration φ a and an infinitesimal variation φ a → φ a + δφ a over M. The variation of dφ a being determined by the one of φ a , i.e. δdφ a = dδφ a , the variation of the Lagrangian is given by
Here the operators ∂ ∂φ a and ∂ ∂dφ a are defined as antiderivations of degree −p and −(p + 1), respectively, satisfying
they have the same Grassmann degree as φ a and we conventionally apply them from the left. The above equations and the fact that they are anti-derivations determine them on all of Ω(M). Now the variation of the action being
we integrate by parts the second term and find
(21) To get rid of the boundary term we have to restrict to variations such that δφ a | ∂M = 0. The classical solutions of the theory given by L are the field configurations which make δS vanish for all such δφ a and therefore obey
These are the Euler-Lagrange equations in exterior calculus. Note that they imply that the (D − p)-form
is exact when evaluated on a classical solution and thus dJ a = 0. If p = 0, then this is a trivial identity since J a ∈ Ω D (M), but if p > 0, then this is a genuine conservation equation, valid on classical solutions. It is therefore not surprising that it will have a direct relation with the Noether currents in the case where p = 1, as we will see later on. For later reference, we will call these d-forms J a the "Euler-Lagrange", or simply, "EL" currents.
Example
Let us consider the Palatini Lagrangian for gravity here. The equation of motion of the vielbein is
is the Einstein tensor in first-order vielbein GR and
is the standard definition of the matter energymomentum tensor in GR, i.e. the variational derivative of the matter action with respect to the gravitational field. The equation of motion of the spin connection is
Finally, the equation of motion ofψ ασ is
where we have used (5),D is the covariant derivative using the Levi-Civita spin connectionω[e], i.e.De I = 0, and K IJ ≡ ω IJ −ω IJ are the contorsion 2-forms. We have thus retrieved the Palatini, Yang-Mills and Dirac equations of motion from a variational principle without ever having to introduce coordinates, only some simple identities of appendix C. Finally, we have three non-zero form fields and the corresponding EL currents are
Note that the one of e I is zero on-shell since the Lagrangian we chose does not depend on de I . Finally, note that equation (27) is equivalent to
We thus retrieve the well-known result that L P is classically equivalent to the Einstein-Hilbert theory only if there is no matter coupling to ω IJ .
B. Noether's theorem
Currents
A continuous symmetry is a transformation of the fields under a continuous group whose infinitesimal version makes the Lagrangian transform as
for some d-form K. Equivalently, the transformation is a symmetry if the action is invariant up to a boundary term. Noether's theorem states that to every such symmetry there corresponds a d-form J , the Noether current, which is conserved when evaluated on classical solutions, i.e. we have an identity dJ ∼ EL. In field theory one usually works with the dual current 1-form j ∼ ⋆ J ∈ Ω 1 (M), for which the above equation is expressed in terms of the codifferentialdj ≡ ∇ µ j µ ∼ EL. It is however the d-form J which is the natural coordinateindependent representation of a "current", since the latter must be integrated over a d-volume in order to give a charge. Even the conservation equation is simpler in terms of J since d is an anti-derivation whiled is not.
To determine J , and thus prove the theorem, we compute the infinitesimal variation of the Lagrangian but as induced by the variation of the fields
Equating this with (33) and defining the d-form
one gets the desired identity dJ = −δφ a ∧ EL a . Eq. (35) is therefore the definition of the Noether current. By the Poincaré lemma, if dJ = 0 on-shell, then there exists locally a (d−1)-form U, called the "superpotential", such that J = dU. In the following examples we will see that, as a consequence of assuming the classical solutions to be global, this U form also exists globally.
Example
We consider the Noether currents associated with the SU(N ) and Spin(1, d) transformations. We will use a shorthand notation π a ≡ −g −2 ⋆ F a to simplify our expressions. The variations are given in (11) and (12) and the Lagrangian is invariant so K = 0. Thus, the currents associated to the transformations generated by
and
respectively. The fact that these currents are conserved on-shell for any α and θ is the mark of the redundancy in the apparent number of degrees of freedom in a gauge theory. We then consider the special cases
As anticipated earlier, the EL currents J a ≡ ∂L ∂A a and J IJ ≡ ∂L ∂ωIJ are thus nothing but a special subset of the Noether currents associated with the groups A and ω gauge, respectively. Moreover, these currents are the ones one obtains in the case where the gauge field is absent and the symmetry is only global. Here we see that by gauging the symmetry we obtain a whole lot of new conserved currents that are indexed by geometric objects, the fields α and θ in the adjoint representation of their respective groups. Now, all of these currents are not independent but can be expressed in terms of J a and J IJ using (36) and (38)
Using
So the superpotentials exist globally indeed. It is important to understand the difference between J [α] and J a . The former is the Noether current associated to a covariant field α and is thus gauge-invariant, as can be seen in (36). On the other hand, the EL current J a corresponds to the fixed choice α = T a and thus transforms inhomogeneously. Note finally that J [α] is R-linear in its argument
for all c ∈ R.
Of course, what has been said for J [α] in this paragraph holds analogously for S[θ] as well.
Charges
Consider now a Noether current J evaluated on a given field configuration φ a which is not necessarily a classical solution. We can construct the corresponding Noether charge Q contained in a region
Let us now express the conservation law in terms of Q.
We start by choosing a local evolution direction, that is, a vector field ξ ∈ X(M). We then consider the oneparameter subgroup {Ξ t } t∈I⊂R of Diff 1 (M) that it generates, i.e. the one satisfying (7). We also consider the continuous one-parameter family of submanifolds Σ t ≡ Ξ t (Σ), the corresponding charges Q(t) ≡ Q(Σ t ) and also define the "tube"
Thus, Q(t) is the charge contained in the Σ t hypersurface and the latter evolves along the flow-lines of ξ. The variation of Q(t) with respect to t giveṡ
where Ξ * t is the pullback with respect to Ξ t and we have used the definition of the Lie derivative as the generator of pullbacks. Focusing from now on on solutions of the equations of motion for φ a , the first term drops by current conservation and we are left witḣ
which is the Noether conservation law in terms of the charge: the variation of the charge within Σ t is entirely determined by the current normal to ξ at the boundary. More precisely, the vector field ξ determines the shape of the boundary of W and i ξ J ∼ ⋆ ξ ♭ ∧ j . Therefore, this expression captures the part of j which is normal to ∂W . The standard use of this law is in the case where the Σ t are the space-like leaves of a foliation and ξ is the timelike coordinate-induced vector field ∂ t . It then reduces to the fact that the variation of the charge in time inside the space-region Σ t is equal to the integrated current flux through the boundary of W at the level t. This takes both into account the flow of the current out of the volume and the fact that the volume itself may vary with time. Here we see the full reach of Noether's theorem since it applies to any vector-field ξ and hypersurface Σ, whether the corresponding family Σ t is a foliation or not, and independently of its space-time interpretation.
As shown in the example given above, in the case of gauge symmetries the superpotential U is a local function of the fields and their derivatives, and the charge of onshell configurations can be written
Note that it is crucial that U depends on the derivative of the gauge field, since this makes Q(Σ) sensitive to the fields in an infinitesimally thick but still d-dimensional region around ∂Σ. Therefore, the total charge can only be computed by starting with a compact Σ and then sending the boundary to infinity. If Q depended only on the field values on ∂Σ, then vanishing boundary conditions at infinity would simply imply zero total charges.
IV. THE NOETHER CURRENTS OF DIFFEOMORPHISMS
Let us now consider the Noether current associated to diffeomorphisms. All fields transform infinitesimally as
General covariance of the theory implies that the Lagrangian is a tensor, and more specifically a D-form, so dL = 0 and thus δL = −di ξ L, which is a total derivative and therefore we have a symmetry. Following the derivation of Noether's theorem, we have K = i ξ L and δφ a = −L ξ φ a , so the Noether current associated to the diffeomorphism in the ξ direction is
This is a generalization of (minus) the covariant Hamiltonian of ref [4] which corresponds to the case ξ = ∂ t . Just like in the case of internal symmetries, we can compute the current corresponding to the basis elements of the Lie algebra X(M). If we expect to relate this object to the EL current of the vielbein, by analogy with the internal symmetries, we must give it an I index, so we evaluate it on the ǫ I basis
The problem with this expression is that, unlike in the case of internal symmetries, the EL current of e I is not a Noether current P I = ∂L ∂e I . This can be seen in full generality by noting that the only non-trivial step in computing the latter is when ∂ ∂e I acts on ⋆, whose solution is given by (C13). This cannot produce a term ∼ di I φ a which is present in (49) through L I φ a for forms of nonzero degree. Moreover, if we express P[ξ] in terms of the P I using (48)
and compare with (39), we see that all non-zero-form fields appear in the second term. Thus, we cannot yet deduce the superpotential corresponding to P[ξ]. This issue is addressed in the following section.
A. The anholonomic representation
The problem raised above is related to the fact that, because of the existence of a vielbein, an ambiguity arises regarding precisely non-zero forms. Should one take the p-forms φ a as the independent fields, or should one rather consider their components in the vielbein basis φ a I1...Ip ≡ i Ip...I1 φ a ∈ Ω 0 ? We will call the first case the "holonomic representation" while the second one will be the "anholonomic representation", since the corresponding vector bases ∂ µ and ǫ I have trivial and non-trivial Lie brackets, respectively. Using φ a to denote all fields but the vielbein from now on, we have the two theories
(51) The holonomic representation is well suited to gauge theory since the EL currents and holonomies make use of the gauge field 1-forms, not the Lorentz-indexed 0-forms. Moreover, the gauge transformations of the gauge fields in terms of the 0-forms make use of the inverse vielbein, so they are less natural. As we will show now, the anholonomic representation, however, is well suited for gravity because then the vielbein formally behaves as the gauge field associated to diffeomorphisms, i.e. in total analogy with the properties of the gauge fields we have seen until now.
The first thing to show of course, is that both representations are classically equivalent, i.e. that their equations of motion imply one another. This is a priori obvious since the two choices of independent fields are related by a non-linear but bijective field redefinition,
We show the equivalence explicitly in appendix B because, in the process, we see that one can choose a mixed representation for the equations of motion. We can compute them in the anholonomic one for the vielbein and in the holonomic one for the rest of the fields. We also show that the Noether currents are the same, even though some fields have changed Spin(1, d) and Diff 1 (M) representations. So let us consider the L an theory, and for notational simplicity let us absorb the I indices in the generic internal index a, i.e. let us write φã ≡ φ a I1...Ip and keep in mind that now φã ∈ Ω 0 (M). The key property of the anholonomic representation is that the Lie derivative with respect to ǫ I becomes simply
on all fundamental fields, since i I φã = 0 and i I e J = δ J I . Considering the ǫ I basis for X(M) means that we take L I = i I d as our generators in the active representation of Diff 1 (M). These are nothing but the ǫ I vectors seen as derivations. Then, under an infinitesimal diffeomorphism the 0-forms transform homogeneously
while the vielbein is the only field transforming "inhomogeneously"
Note the analogy with the transformation of A a in (11) and ω IJ in (12). We have the same inhomogenous part, while the homogeneous one is the Lie derivative in different respective senses. Here it is the Lie derivative with respect to the base manifold M, while for the internal transformations it is the Lie derivative with respect to the SU(N ) and Spin(1, d) fibres 2 . Thus, the vielbein formally transforms as the gauge field associated to Diff 1 (M). The Noether currents are the same but are now computed using L an , so (49) now reads
2 Indeed, in those cases one can write the transformations in terms of the algebra-valued fields A ≡ A a T a ∈ Ω 1 (M) ⊗ su(N ) and ω ≡ 1 2
and the commutator with α, θ is nothing but the Lie derivative in the α, θ directions, seen as left-invariant vector fields, on their respective group manifolds.
and the general Noether current associated to the diffeomorphism in the ξ direction (50) is
This result is again analogous to the case of the internal symmetries, see (39). The antiderivations i I and ∂ ∂e I now have a lot in common. Since they are equal on vielbein products, and now all fields have been decomposed into linear combinations of vielbein products, they are also equal when acting on any combination of the fields which does not contain derivatives, like the potential part of L an for instance. For forms containing derivatives however they do differ since and dφã, the extra term which is not captured by
Now, isolating ∂L an ∂e I and using (57), we get
which is again analogous to the case of internal symmetries: the EL current of the vielbein J an I ≡ ∂L an ∂e I is nothing but a special case of the Noether currents associated to the group e I gauges. The only peculiarity is that one has to go to the anholonomic representation for this to hold. We finish the comparison with gauge theory by taking (50), using (61) and evaluating everything on classical solutions J an I = −d ∂L an ∂de I to get the analogue of (41)
Thus, the P[ξ] too are globally exact when on-shell and we can now compute the superpotential straightforwardly.
Example
We illustrate the equality P I = ∂L an ∂e I with the YM Lagrangian. Computed for example in the holonomic representation
To show the equality, we first need the curvature F a in terms of
and then we get
V. ENERGY-MOMENTUM
A. Relation to the GR matter energy-momentum tensor
Let us compute the general relation between the two definitions of the matter energy-momentum tensor that are the Noether current one
and the one of GR, for which it must be noted that it is computed in the holonomic representation
We start with the latter and perform a computation analogous to (B4) for the matter sector only
i.e. here the φ a are all fields but the vielbein and the spin connection, in the standard representation. Thus, the two energy-momentum tensors are related by a term which is a total derivative when the matter fields are onshell. Note that the relation is fully general, i.e. it applies to any matter action.
The advantage of the GR definition is that it is fully covariant, as a consequence of being the variation of a fully invariant action. This is not the case of the Noether currents as we show here using the Palatini Lagrangian for gravity in the holonomic representation
The first two terms are the matter energy momentum tensor as defined in GR and the Einstein tensor (25), in the combination which vanishes on shell. The rest can be expressed as the Noether currents of the internal symmetries evaluated on the ξ-projection of the corresponding gauge fields. Therefore, P[ξ] is invariant only under internal gauge transformations whose parameters obey L ξ α a = 0 and L ξ θ IJ = 0. Considering more general transformations changes P[ξ], the most extreme examples being the transformations that bring the fields to the generalized Weyl gauge i ξ ω IJ = 0 and i ξ A a = 0, in which case P[ξ] = 0 when on-shell since G I = T I .
B. Gravitational energy-momentum complexes
We now show how one can obtain some known energymomentum complexes for gravity out of the P[ξ] currents. For this task the most appropriate Lagrangian is the Møller one (14) because it is quadratic in de I . Since the latter is already in the scalar representation, we get
the corresponding superpotential is
and the equation of motion reads P I = dU I . An interesting property of this current is that it is traceless in four dimensions
in complete analogy with YM theory if one uses the GR energy-momentum tensor
To make contact with known objects, we express P I and U I in terms of the Levi-Civita connectionω IJ by using de I = −ω
These are known as "Sparling's d-form" and the "NesterWitten (d − 1)-form", respectively [2, 3] . Actually, these names originally refer to forms on the frame bundle and here we have their pullback along a section that is an orthonormal frame. They are tensors under diffeomorphisms but transform inhomogeneously under LLTs and thus provide us with a coordinate-independent definition of energy and momentum E ≡ Σ P 0 and P i ≡ Σ P i , for a space-like Σ ∈ ∆
d . An important property of this energy-momentum complex, first considered in [2] , is the fact that for small enough Σ we have the desired property E ≥ |P i | ≥ 0, thanks to a direct relation of P I to the Bel-Robinson tensor 3 . To get the general current P[ξ], we proceed as in (58)
So the general superpotential is
when on-shell. The complex considered above corresponds to the choice ξ = ǫ I . Another famous energymomentum complex, the one of Møller [1] , corresponds to taking a holonomic ξ. Let us therefore define some local coordinates x µ , so that the vielbein decomposes e I = e 
The second term shows that, although U[∂ µ ] is a tensor under diffeomorphisms, this is not the case for P µ . To make contact with the usual notation in the literature we use the dual contravariant density representation of the current/superpotential couple
where e ≡ det(e I µ ). In terms of these the relation becomes simply
and the conservation equation also makes use of partial derivatives ∂ µ j µ = 0. Note that here ∇ is the LeviCivita connection, i.e. the one made out of the Christoffel symbols. This representation is particularly useful in the context of energy-momentum pseudo-tensors where one has a non-trivial dependence on coordinates anyway. In our case, we have
and for ξ = ∂ µ we obtain Møller's superpotential because of the extra µ index. We therefore retrieve in this representation as well the fact that M ν µ is a pseudo-tensor density. However, since the superpotential is a tensor, the definition of energy in the Møller case E ≡ − Σ P t = − ∂Σ U[∂ t ], where g tt ≡ g(∂ t , ∂ t ) < 0, is invariant under spatial diffeomorphisms.
C. Relation to the Hamiltonian energy
The notion of energy is not only present in the diffeomorphism Noether charges, but also in the Hamiltonian formalism, and in many cases the two definitions agree. Here we show their relation and its limitations. So let us foliate M with a time coordinate t and use (48) to write the action in canonical form [4] 
where we have identified the conjugate momenta (D −p)-forms and the Hamiltonian d-form
Since H is an exact form on-shell, we retrieve what is known from the ADM formalism, namely, that the bulk part of the Hamiltonian is zero on-shell, and the boundary term is thus the superpotential integrated over ∂Σ t . Improving P[∂ t ] by adding a total derivative on-shell then amounts to changing that boundary term. In their seminal paper [6] , the authors used this relation with the canonical formalism to show that a large class of superpotential complexes actually originates in such Hamiltonian boundary terms, these in turn being determined by the boundary conditions one wishes to impose. This actually alleviated the discomfort in considering pseudotensors, because their non-covariant behaviour under diffeomorphisms was ultimately related to the breaking of the symmetry by the choice of boundary conditions. In our context, it is important to note that this applies to complexes that are defined using holonomic indices, i.e. energy corresponds to a µ = t component, such as in the case of the Møller complex. More precisely, the t parameter which is singled-out in going to the Hamiltonian formalism is the same as the parameter of the symmetry corresponding to P t . Of course, for arbitrary time-directions ξ one can always choose the foliation such that ξ = ∂ t . But if ξ is field dependent ξ = ξ[φ], then the canonical term "φ ∧ π" is polluted by φ and we are out of the canonical formalism. For instance, if ξ = ǫ 0
where So, as could be expected, the tensor P I and the associated charges are intrinsically Lagrangian quantities since they refuse to make the minimal compromise of the coordinate-dependence the canonical formalism requires. We therefore conclude that the Noether currents allow for more general energy definitions than the Hamiltonian formalism since one has also access to field-dependent time-translation generators.
VI. SUMMARY
In this paper we have shown that for generic field manipulations, including differentiation with respect to fields, one gains in simplicity and efficiency by using exterior calculus. As a first application, we have used this formalism to show the full generality of Noether's theorem, both in terms of currents and charges. We have also used it to show the utility of the "anholonomic representation" in which vielbein gravity is seen to share many formal properties with standard gauge theories. In particular, we have shown that the partial derivative of the Lagrangian with respect to the vielbein yields a class of Noether currents, just as is the case of Yang-Mills theory. We have shown how some diffeomorphism Noether currents give known energy-momentum complexes of the vielbein. Finally, we have discussed the relation between the Noether energy and other definitions of that notion that are the matter energy-momentum tensor in GR and Hamiltonian boundary terms in the canonical formalism.
which, given (80), is the original form of Møller's Lagrangian [1] . Now, using again de I = −ω 
so they are the same when the rest of the fields are onshell. We have thus shown that both representations are classically equivalent. Most importantly for us however, the equivalence in the matter sector is independent of the choice of representation for the vielbein. Thus, one can take the equations of motion in the holonomic representation for φ a and in the anholonomic one for e I while still describing the same classical physics.
Finally, we also show that the Noether currents are the same even though some fields have changed representation with respect to LLTs and diffeomorphisms. We have that the infinitesimal variations decompose 
